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Abstract
In this article, modified (G
′
G
)-expansion method is presented to establish the exact complex
solutions of the time fractional Gross-Pitaevskii (GP) equation in the sense of the conformable
fractional derivative. This method is an effective method in finding exact traveling wave solutions
of nonlinear evolution equations (NLEEs) in mathematical physics. The present approach has
the potential to be applied to other nonlinear fractional differential equations. Based on two
transformations, fractional GP equation can be converted into nonlinear ordinary differential
equation of integer orders. In the end, we will discuss the solutions of the fractional GP equation
with external potentials.




)-expansion method; The time fractional Gross-Pitaevskii (GP)
equation
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1. Introduction
The investigation of exact solutions to nonlinear fractional differential equations plays an im-
portant role in various applications in physics, fluid flow, engineering, signal processing, control
theory, systems identification, biology, finance and fractional dynamics (see, Kilbas et al., 2006;
Mille and Ross, 1993; Podlubny, 1999). Recently, a large amount of literature has been provided
to construct the solutions of fractional ordinary differential equations, integral equations and
fractional partial differential equations of physical interest.
The Gross-Pitaevskii equation describes the ground state of a quantum system of identical bosons
using the HartreeFock approximation and the pseudopotential interaction model. Some numerical
methods have been proposed to obtain approximate solutions for fractional Gross-Pitaevskii
equation, such as Homotopy analysis method (see, Uzar et al., 2012; Uzar and Ballikaya, 2012).
By using the modified (G
′
G
)-expansion method (see, Taghizadeh et al., 2012), we find exact and
analytical solutions of the time fractional Gross-Pitaevskii (GP) equation with external potential
in the sense of the conformable fractional derivative.
There are several definitions for fractional differential equations. These definitions include Grunwald-
Letnikov, Riemann-Liouville, Caputo, Weyl, Marchaud, and Riesz fractional derivatives (see









(t− ξ)−α(f(ξ)− f(0))dξ, 0 < α < 1
and gave some basic fractional calculus formulae, for example, formulae (4.12) and (4.13) in
Jumarie (2006),
Dαt (f(t)g(t)) = g(t)D
α
t f(t) + f(t)D
α
t g(t), (1)








The last formula (1) has been applied to solve the exact solutions to some nonlinear fractional
order differential equations. If this formula were true, then we could take the transformation
ξ = x − atα
Γ(α+1)
and reduce the partial derivative ∂
αU(x,t)
∂ tα
to U ′(ξ). Therefore the corresponding
fractional differential equations become the ordinary differential equations which are easy to study.
But we must point out that Jumarie’s basic formulae (1) and (2) are not correct, and therefore the
corresponding results on differential equations are not true (see Liu, 2014). Fractional derivative
is as old as calculus. The most popular definitions are (see Kilbas et al., 2006; Mille and Ross,
1993; Podlubny, 1999):
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(i) [Riemann-Liouville definition] If n is a positive integer and α ∈ [n− 1, n) the αth derivative




















Now, all definitions are attempted to satisfy the usual properties of the standard derivative. The
only property inherited by all definitions of fractional derivative is the linearity property. However,
the following are the setbacks of one definition or another:
(1) The Riemann-Liouville derivative does not satisfy Dαa (1) = 0(D
α
a (1)) for the Caputo
derivative if g is not a natural number.
(2) All fractional derivatives do not satisfy the known product rule:
Dαa (fg) = fD
α
a g + gD
α
a f.







fDαa g − gDαa f
g2
.
(4) All fractional derivatives do not satisfy the chain rule:
Dαa (fog)(t) = f
α(g(t))gα(t).
(5) All fractional derivatives do not satisfy DαDβf = Dα+βf in general.
(6) The Caputo definition assumes that the function f is differentiable.
Authors introduced a new definition of fractional derivative as follows (see, Khalil, 2014):





for t > 0, α ∈ [0, 1) and f : [0,∞) −→ R. Dαt f(t) is called the conformable fractional derivative
of f of order α (see, Abdeljawad et al., 2015; Abdeljawad, 2015).
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Using this kind of fractional derivative and some useful formulas, we can convert differential
equations into integer-order differential equations.
Some properties for the suggested conformable fractional derivative given in (see, Abdeljawad
et al., 2015) are as follows,
Dαt (t
γ) = γ tγ−α, γ ∈ R, (3)
Dαt (f(t)g(t)) = g(t)D
α
t f(t) + f(t)D
α
t g(t), (4)









)-expansion method. Then in Sect. 3, we apply this method to establish exact
solutions for the fractional Gross-Pitaevskii equation. Finally, some results and conclusions are
presented.
2. The modified (G′
G
)-expansion method
Let us consider the fractional differential equation with independent variables
x = (x1, x2, . . . , xn, t) and a dependent variable u,
F (u,Dαt u, ux1 , ux2 , ux3 , . . . , D
2α
t u, ux1x1 , ux2x2 , ux3x3 , . . .) = 0. (6)




Step 1. Using the variable transformation




where ai and b are constants to be determined later, the fractional differential equation
(6) is reduced to nonlinear ordinary differential equation
F (U(ξ), bU ′(ξ), a1U
′(ξ), . . . , anU
′(ξ), b2U ′′(ξ), . . .) = 0, (7)
where “′” = d
dξ
.
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where G = G(ξ) satisfies the second order LODE in the form
G′′ + λG′ + µG = 0, (9)
α0, α1, ..., αr, β1, ..., βr, λ and µ are constants to be determined later. The positive integer
r can be determined by considering the homogeneous balance between the highest order
derivatives and nonlinear terms appearing in ODE (7).
Step 3. By substituting (8) into (7) and using second order linear ordinary differential
equation (LODE) (9), collecting all terms with the same order of (G
′
G
) together, the left-




coefficient of this polynomial to zero yields a set of algebraic equations for α0, α1, ..., αr, β1,
..., βr, λ and µ.
Step 4. Assuming that the constants α0, α1, ..., αr, β1, ..., βr, λ and µ can be obtained
by solving the algebraic equations in Step 3, since the general solutions of the second order
LODE (9) have been well known for us, then substituting α0, α1, ..., αr, β1, ..., βr, a1, a2, . . . ,
an, b and the general solutions of equation (9) into (8) we have more traveling wave
solutions of the nonlinear evolution equation (6).
3. Exact solutions to the time fractional Gross-Pitaevskii (GP) equation









+ v(x)u+ gu|u|2, t > 0, 0 < α ≤ 1, (10)
where g,m and v(x) are the interacting parameter between particles, mass of the particles and
external potential applying to the particle systems, respectively. The interacting parameter, i.e.
coupling constant g, is defined as g = 4πh
2as
m
where as the scattering length of two interacting
bosons. Fractional GP equations are built to investigate boson systems in a more realistic way.
One of them is the time-fractional GP equation. The memory effect, long-range interaction and
restriction of entropic and ergodic hypotheses (see, Greiner et al., 1995) in BEC can be taken
into account with the time-fractional GP equation.
We use the transformation




where a and b are constants. Substituting (11) into equation (10), we obtain
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Dαt u = D
α
t U = U(ξ) = U








Uξξ − v(ξ)U − gU |U |2 = 0. (12)











w − gw3 + a
2h2
2m
wξξ = 0. (13)





















where G = G(ξ) satisfies the second order LODE in the form
G′′ + λG′ + µG = 0. (15)
Considering the homogeneous balance between wξξ and w3 in equation (13) we required that
















together the left-hand side of ODE (13) is converted into another polynomial to zero, yields a
set of simultaneous algebraic equations for k0, k1, l1, a, b, µ and λ as follows:
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: −gml31 + a2h2µ2l1 = 0.

































Substituting the general solutions of equation (15) into equation (18), we obtain the exact solution
to equation (10).
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where ξ = ax+ bt
α
α
,∆ = λ2−4µ = 2m(mb
2−2a2v(x))
a4h2
, T = a
2h2
gm
and a and b are arbitrary constants.
Case B:
































Substituting the general solutions of equation (15) into equation (21), we obtain the exact solution
to equation (10):
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where ξ = ax+ bt
α
α
,∆ = λ2−4µ = 2m(mb
2−2a2v(x))
a4h2
, T = a
2h2
gm












































Substituting the general solutions of equation (15) into equation (24), we obtain the exact solution
to equation (10):
When ∆ > 0,

























































When ∆ < 0,
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where ξ = ax+ bt
α
α
,∆ = λ2−4µ = 2m(mb
2−2a2v(x))
a4h2
, T = a
2h2
gm












































Substituting the general solutions of equation (15) into equation (27), we obtain the exact solution
to equation (10):
When ∆ > 0,

























































When ∆ < 0,
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where ξ = ax+ bt
α
α
,∆ = λ2−4µ = 2m(mb
2−2a2v(x))
a4h2
, T = a
2h2
gm












































Substituting the general solutions of equation (15) into equation (30), we obtain the exact solution
to equation (10):
When ∆ > 0,

























































When ∆ < 0,
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where ξ = ax+ bt
α
α
,∆ = λ2−4µ = 2m(mb
2−2a2v(x))
a4h2
, T = a
2h2
gm
and a and b are arbitrary constants.
Remark 1:
• In expression (19), if α1 > 0 and α21 > α
2














• In expression (22), if α1 > 0 and α21 > α
2






















• In expression (25), if α1 > 0 and α21 > α
2
2 , then U5,6(ξ) can be written as:




























• In expression (28), if α1 > 0 and α21 > α
2
2 , then U7,8(ξ) can be written as:




























• In expression (31), if α1 > 0 and α21 > α
2
2 , then U9,10(ξ) can be written as:




























• • • In all cases; ξ = ax + btα
α
, ξ0 = tanh
−1(α2
α1
),∆ = λ2 − 4µ = 2m(mb
2−2a2v(x))
a4h2




a and b are arbitrary constants.
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Remark 2:
Now we will investigate the time fractional Gross-Pitaevskii equation (10) to discuss the ground
state time-dependent dynamic of the Bose-Einstein condensation of weakly interacting system
for different potential.
1. For m = 1
2
, h = 1 and v(x) = 0, GPE of fractional order (10) can be degenerated to




+ uxx − gu|u|2 = 0, t > 0, 0 < α ≤ 1. (32)
Then, by using the modified (G
′
G
)-expansion method, we can find the exact solution of equation
(32).
2. For v(x) = 1
2
mω2x2, GPE of fractional order (10) can be degenerated to the time-fractional












mω2x2u+ gu|u|2, t > 0, 0 < α ≤ 1, (33)




method, we can find the exact solution of equation (33).
3. For v(x) = ± sin2 x, GPE of fractional order (10) can be degenerated to the time-fractional









± sin2 xu+ gu|u|2, t > 0, 0 < α ≤ 1. (34)
Then by using the modified (G
′
G
)-expansion method, we can find the exact solution of equation
(34).
4. Conclusion
In this paper, the modified (G
′
G
)-expansion method has been successfully applied to find the new
exact solutions for the time-fractional Gross-Pitaevskii equation. This method is powerful and
applicable to many nonlinear fractional partial differential equations.
Acknowledgments
The authors are very grateful to the referees for their valuable suggestions and opinions.
13
Taghizadeh and Foumani: Complex solutions of the time fractional Gross-Pitaevskii
Published by Digital Commons @PVAMU, 2016
956 N. Taghizadeh & M.N. Foumani
REFERENCES
Abdeljawad, T. (2015). On conformable fractional calculus, J. Comput. Appl. Math., Vol. 279,
No. 1, pp. 57-66.
Abdeljawad, T., Horani, M. AL., Khalili, R. (2015). Conformable fractional semiqroup opera-
tors, J. Semiqroup Theory Appl., Vol. 2015, Article ID. 7.
Dhaigude, D. B., Birajdar, A. (2013). Numerical Solution of Fractional Partial Differential
Equations by Discrete Adomian Decomposition Method, Adv. Appl. Math. Mech., Vol. 6,
pp. 107-119.
Greiner, W., Neise, L., Stcker, H. (1995). Thermodynamics and Statistical Mechanics. Springer-
Verlag, New York.
Jumarie, G. (2006). Modified Riemann-Liouville derivative and fractional Taylor series of
nondifferentiable functions further results, Comput. Math. Appl., Vol. 54, pp. 1367-1376.
Khalil, R., Horani, M. AL., Yousef, A., Sababbeh, M. (2014). A new definition of fractional
derivatives, J. Comput. Appl. Math., Vol. 264, pp. 65-70.
Kilbas, A., Srivastava, H., and Trujillo, J. (2006). Theory and aplications of fractional differ-
ential equations. Elsevier, San Diego.
Laskin, N. (2002). Fractional Schrodinger equation. Physical Review E., Vol. 66, No. 5, pp.
056109-1–056109-13.
Liu, C. S. (2014). Counterexamples on Jumaries two basic fractional calculus formulae, Com-
mun. Nonlinear Sci. Numer. Simul., doi:10.1016/j.cnsns.2014.07.022.
Mille, K. and Ross, B. (1993). An Introduction to the fractional calculus and fractional differ-
ential equations. Wiley, New York.
Podlubny, I. (1999). Fractional differential equations. Academic Press, San Diego.
Taghizadeh, N., Azadian, N., Najand, M. (2012). Exact soliton solutions of the Huxley equation
by the modified (G/G)-expansion method, Mathematica Aeterna., Vol. 2, No. 5, pp. 473-482.
Trallero-Giner, C., Cipolatti, R. (2012). One-dimension cubicquintic Gross Pitaevskii equation
in Bose-Einstein condensates in a trap potential, arXiv:1208.2371 [physics.atom-ph], pp.
1-6.
Uzar, N., Ballikaya, S. (2013). Investigation of classical and fractional Bose-Einstein conden-
sation for harmonic potential, Physica A: Statistical Mechanics and its Application., Vol.
392, pp. 1733-1741.
Uzar, N., Deniz Han, S., Tufekci, T., Aydiner, E. (2012). Solutions of the Gross-Pitaevskii and
time-fractional Gross-Pitaevskii equations for different potentials with Homotopy Perturba-
tion Method, arXiv: 1203.3352 [quant-ph], pp. 1-29.
14
Applications and Applied Mathematics: An International Journal (AAM), Vol. 11 [2016], Iss. 2, Art. 30
https://digitalcommons.pvamu.edu/aam/vol11/iss2/30
